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We construct mode-selective effective models describing the interaction of N quantum emitters
(QEs) with the localised surface plasmon polaritons (LSPs) supported by a spherical metal nanopar-
ticle (MNP) in an arbitrary geometric arrangement of the QEs. We develop a general formulation
in which the field response in the presence of the nanosystem can be decomposed into orthogonal
modes with the spherical symmetry as an example. We apply the model in the context of quantum
information, investigating on the possibility of using the LSPs as mediators of an efficient control
of population transfer between two QEs. We show that a Stimulated Raman Adiabatic Passage
configuration allows such a transfer via a decoherence-free dark state when the QEs are located on
the same side of the MNP and very closed to it, whereas the transfer is blocked when the emit-
ters are positioned at the opposite sides of the MNP. We explain this blockade by the destructive
superposition of all the interacting plasmonic modes.
I. INTRODUCTION
Plasmonics offers new scenarios for classical and quan-
tum manipulations of light at the nanoscale [1, 2]. It can
be implemented via metallic nano-particles (MNPs) sup-
porting propagating and localised surface plasmon polari-
tons (SPPs and LSPs, respectively) at dielectric/metallic
interfaces [3, 4]. Plasmonic quantum electrodynamics
(PQED) [5, 6] is the natural generalization of the prin-
ciples of quantum optics for cavity quantum electrody-
namics (cQED) [7], enabling to treat the coupling be-
tween quantum emitters (QEs) and the modes of the SPP
field localised in subdiffraction volumes. A model has
been initially proposed [9–12], where all the electromag-
netic excitations (corresponding to LSPs) of the system
are described by collective field operators, exploiting the
theory of quantization of the electromagnetic field in dis-
persive and absorbing media [8, 9, 13, 14]. When the
QEs are placed very close to the MNP’s surface (typ-
ically less than 10 nm), the electromagnetic local den-
sity of states (LDOS) of the LSP are magnified and can
lead to a strong coupling [12, 15]. The role of the lower
and higher order LSP modes in the interaction with QEs
depends on their positions around the metal [12]. The
quasi-degenerate higher order modes can collectively act,
in the interaction with QEs, as a pseudomode rather than
a Markovian bath [16]. As a result, effective few-states
Hamiltonians have been phenomenologically proposed to
describe the weak and strong coupling regimes of layer
or ring configurations of N QEs with the dipolar mode
and with this pseudomode [16, 17]. In order to capture
the electromagnetic degrees of freedom playing the major
∗ sguerin@u-bourgogne.fr
role in the coupled dynamics (bright LSP contributions),
cQED-like hamiltonian models have been derived [15].
Mode-selective LSP field operators, i.e. associated to the
different plasmonic resonances, substitute thus the collec-
tive electromagnetic field operators to describe the inter-
action of the different LSP modes with QEs [15]. The
deeper understanding of these matter-plasmonic plat-
forms and their nanometric dimensions stimulated the
interest for their use as devices for classical and quantum
information processes [18, 19].
However, the plasmonic quality factors are much
smaller than the cavity’s ones, which prevents in princi-
ple SPPs from carrying some information over longer dis-
tances. In [20], it has been shown that a free-decoherence
quantum channel linking two not-directly interacting
QEs can be created exploiting the mediation of LSPs of
a spherical MNP, in a specific geometrical configuration.
In this case a Stimulated Raman adiabatic Passage (STI-
RAP) [21, 22] allows a population transfer between two
states of the total system, resulting in a population ex-
change or in an entanglement between the two QEs, how-
ever for emitters aligned at the same side of the sphere
[20].
In this paper, we develop a complete procedure to ob-
tain a cQED-like effective model of a system of N QE’s
coupled to LSPs of a spherical MNP in an arbitrary ge-
ometric arrangement. It is formulated in a more general
way, when the Green tensor associated to the field re-
sponse in presence of the nanosystem can be decomposed
into orthogonal modes with the spherical symmetry as an
example. The mathematical technique used in this paper
completes and improves preceding methods [15] in gener-
alizing and applying the Lo¨wdin orthonormalization [25]
of a set of mode-selective bright LSP field operators. This
gives us compact analytical expressions for the QE / LSP
coupling constants, for any possible angular disposition
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FIG. 1. (a): Global system composed by a set of QEs placed
at a distance d (r) from the metallic surface (center) of a MNP
of radius R. The interaction of each QE with the MNP excites
different LSPP modes (represented by the red clouds on the
MNP’s surface). The angular distance between any two QEs
is indicated by φ. (b) Scheme of the 3-level Λ structure of
each QE, composed by two metastable states, |g〉 and |f〉,
and an excited state |e〉. The transition |e〉 − |g〉 is coupled
with the MNP.
of a given number of emitters around the sphere.
We next exploit the derived model numerically by sim-
ulating a STIRAP process in the case of two QEs target-
ing an adiabatic population transfer between two states
of the global system, as an exchange between their pop-
ulation. We analyse the dependence of the transfer effi-
ciency with respect to (i) the angular distance between
the emitters and (ii) the distance from the metallic sur-
face via the number of effectively involved plasmonic
modes. The existence of a blockade of the population
transfer for two QEs located at the opposite sides of the
MNP is explained by a destructive interference of the
plasmonic modes. The population transfer is achieved
when he QEs are located on the same side of the MNP.
This article is organized as follows: in Sec. II we
construct the continuous and discrete effective mode-
selective hamiltonian models describing the interaction
of N QEs with a spherical MNP, for any possible overlap
of the plasmonic modes excited by different emitters. In
Sec III we exploit the derived discrete effective model to
show under which geometrical and parametric conditions
a STIRAP process can be numerically implemented. Fi-
nally, In Sec. IV we summarize the obtained results and
the perspectives.
II. EFFECTIVE MODELS FOR THE QE / LSP
SYSTEM
We want to describe the dynamics of a system composed
by (see Fig. 1)
• a hybrid matter-electromagnetic field system,
which originates from the interaction of the free
electromagnetic field with the normal modes asso-
ciated to the collective surface oscillations of the
conduction electrons in a spherical MNP. The lat-
ter is characterized by a radius R and by a dielec-
tric permittivity m(ω). The excitation associated
to the global system is annihilated by the bosonic
field operator fˆω(r) [9].
• N identical 3-level QEs, each of which is composed
by two metastable states, |g〉 and |f〉, and an ex-
cited one |e〉. Each QE is in Λ configuration, that is
Eg ≤ Ef < Ee, and is placed at a position ri from
the center of the MNP, corresponding to a distance
di, i = 1, .., N , from its surface.
The distance between the QEs is such that their direct
coulombic interaction is negligible compared to that me-
diated by the plasmonic field [12, 15, 17]. Each QE is
coupled to the MNP through the transition |e〉−|g〉. The
transition |f〉−|g〉 is forbidden and the transition |e〉−|f〉
will be used only via a control field.
The results of the paper can be summarized as follows:
1. We construct a mode-selective effective Hamilto-
nian model describing the global dynamics, which
involves only the relevant degrees of freedom. We
derive compact analytical expressions of the QE
/ LSP coupling constants for any geometrical ar-
rangement of the QEs around the sphere, improv-
ing previous approaches [15, 16];
2. We study the efficiency of the population transfer
in a STIRAP configuration, in the simplest case
of N = 2, between two metastable states of the
global system, which would result in an exchange
of population between the two QEs. We analyse
the dependence of the process on the angular dis-
tance of the two QEs, on the number of involved
LSP modes and on the distance of the QEs from
the metallic surface, which completes the analysis
presented in [20].
We first omit the metastable state |f〉, which will be in-
volved in the control process in Section III. We start from
a rotating wave approximation (RWA) model [9–12, 15]:
Hˆ =
∫ +∞
0
dω ~ω
∫
d3r fˆ†ω(r) · fˆω(r) +
N∑
l=1
~ωegσˆ(l)ee
−
N∑
l=1
σˆ(l)eg ⊗
∫ +∞
0
dω d(l)eg · Eˆ+ω (rl) +H.c.,
(1)
with the emitter operators σˆij = |i〉〈j|, d(l)eg the dipole
moment at the transition e − g of the lth emitter, and
where the components of the elementary excitation op-
erator fˆω(r) obey the following commutation relations:
[fˆ iω(r), fˆ
j †
ω′ (r
′)] = δ(ω − ω′)δ(r− r′)δij . (2)
The first term of (1) represents the free energy of all the
plasmonic modes supported by the MNP. The last one is
3the interaction energy of the lth QE, at the position rl,
with the plasmonic electric field Eˆω(rl) = Eˆ
+
ω (rl) +H.c..
In the following, we derive the effective model for many
emitters using a mode-selective quantization in the Green
tensor formalism, similarly as in [15], but in a more di-
rect way, without expanding the elementary excitation
operators fˆω(r) in the spherical vector harmonics basis.
Only the Green tensor is expanded in this basis. This
gives an Hamiltonian in terms of creation and annihila-
tion operators of a plasmon polariton in each LSP mode
(dipolar, quadrupolar,...) excited by the different emit-
ters. The presence of many emitters leads to overlapping
non-orthogonal modes which have to be orthogonalized
into bright and dark modes according to the effective in-
teraction between the plasmon polaritons and the QEs.
We describe a global orthogonalization procedure based
on Lo¨wdin’s methods [29] [30] [31].
Formally, the dark/bright decomposition can be sum-
marized as follows: we identify and eliminate their con-
tribution from the total Hamiltonian:
Hˆ = Hˆ0bright + Hˆ
0
dark + Hˆ
0
QEs + Hˆbright/QEs. (3)
Since we have [Hˆ, Hˆ0dark] = 0, the dark states are not
coupled with the other states and are not affected by the
interaction with the emitters, which allows one to drop
the Hˆ0dark term in (3):
Hˆ = Hˆ0bright + Hˆ
0
QEs + Hˆbright/QEs. (4)
A. Mode-selective quantization in the Green
tensor formalism
The electric field in (1) can be expressed in terms of the
inner product of the dyadic Green’s function Gω(rl, r)
with the elementary excitation fˆω(r) [9, 15, 17]. We con-
sider the case where the Green function can be decom-
posed as a sum over a discrete index
G¯ω(r, r
′) =
∑
n
G¯ω,n(r, r
′). (5)
as it is the case e.g. with a multipole expansion in models
with spherical symmetry [15, 20], where the index n is the
radial harmonic index. It is referred below to as mode
index.
The interaction part of Eq. (1) can be decomposed
into the modes as
Hˆint = −i~
N∑
l=1
∑
n
σˆ(l)eg ⊗
∫
dω
∫
d3r gω,n(rl, r) · fˆω(r)
(6)
with the vector gω,n(rl, r) defined by the inner product
of the dipole moment with the dyadic Green’s function:
gω,n(rl, r) =
√
1
~pi0
ω2
c2
√
′′ω(r) d
(l)
eg · G¯ω,n(rl, r)
=
√
1
~pi0
ω2
c2
√
′′ω(r) G¯
T
ω,n(rl, r) · d(l)eg ,
(7)
and ′′ω(r) the imaginary part of the electric permittiv-
ity. For the following development we make the general
assumption that the separation into modes of the Green
function (5) is such that the coefficients (7) satisfy the
orthogonality relation∫
d3r g∗ω,n(rl, r) · gω′,n′(rl′ , r) = 0, for n 6= n′ (8)
This is the case e.g. for a system with spherical symme-
try [15]. The motivation for the separation into modes
is that, under suitable conditions, the systems has res-
onances that produce strong couplings with the emit-
ters at a particular frequency. The resonant frequency
dominates the dynamics for the corresponding mode, and
thus the integral over the frequencies
∫
dω appearing in
the Hamiltonian can be approximated by a discrete sum,
where each term corresponds to a mode n. The approx-
imation is completed by the inclusion of an exponential
relaxation term for each mode, that takes into account
effectively the continuum of frequencies around the reso-
nant one.
We introduce the mode-selective LSP bright operators
[15, 20]
aˆω,n(rl) =
∫
d3r hω,n(rl, r) · fˆω(r) (9)
with the vectors hω,n(rl, r) ∈ L2(R3,C3):
hω,n(rl, r) = gω,n(rl, r)/κω,n(rl), (10)
and
|κω,n(rl)|2 =
∫
d3r gω,n(rl, r) · g∗ω,n(rl, r), (11a)
=
1
~pi0
ω2
c2
deg · Im
[
G¯ω,n(rl, rl)
]
· d∗eg, (11b)
satisfying the normalization∫
d3r hω,n(rl, r) · h∗ω,n′(rl, r) := (hω,n′(rl),hω,n(rl))
= δnn′ , (12)
via the identity for non-magnetic material [9] [32]∫
dr ε′′ω(r)G¯ω,n(r1, r)G¯
∗
ω,n(r, r2) =
c2
ω2
Im
[
G¯ω,n(r1, r2)
]
.
(13)
We have defined the scalar product (h1,h2) in
L2(R3,C3), i.e. between two complex vectors which de-
pend on r, as:
(h1,h2) :=
∫
d3r h2(r) · h∗1(r). (14)
The phase of κω,n(rl) can be chosen arbitrarily. The
operators aˆω,n(rl) satisfy the commutation relations[
aˆω,n(rl), aˆ
†
ω′,n′(rl)
]
= δnn′δ(ω − ω′). (15)
4Using the above definitions, one can write Eq.(1) as
Hˆ =
∫ +∞
0
dω ~ω
∫
d3r fˆ†ω(r)fˆω(r) +
N∑
l=1
~ωegσˆ(l)ee
− i~
N∑
l=1
σˆ(l)eg ⊗
∫ +∞
0
dω
∑
n
κω,n(rl)aˆω,n(rl) +H.c.,
(16)
where each emitter interacts with one effective LSP field.
The operator aˆ†ω,n(rl) is associated to the creation of a
quantized plasmon by the emitter at the position rl.
The free plasmonic term includes dark modes, i.e. that
are not involved in the coupled dynamics. In the follow-
ing we construct the dark operators dˆω(r), that will be
eliminated from the model.
B. Identification and elimination of the dark modes
1. Hilbert space structure generated by the
creation-annihilation operators fˆ i(r)
The linear decomposition (9) of the general form
aˆ =
∫
d3r h(r) · fˆ(r) =
3∑
i=1
∫
d3r hi(r)fˆ i(r) (17)
with h(r) ∈ L2(R3,C3) defines a vector space Vf , on
which we can define a scalar product with the commuta-
tor:
( aˆ1, aˆ2) := [aˆ2, aˆ
†
1] = (h1,h2) . (18)
Since each element aˆ is uniquely represented by the co-
efficient
hi(r) = ( fˆ i(r), aˆ) = [aˆ, fˆ i†(r)], (19)
Vf is isomorphic to L2(R3,C3) and we use the same no-
tation for the scalar product in (18). The operators fˆ i(r)
form an orthonormal basis of the space Vfˆ .
With the indices of the present problem, each operator
aˆω,n(rl) can be uniquely represented as
( fˆω′(r), aˆω,n) = [aˆω,n(rl), fˆ
†
ω′(r)] = hω,n(rl, r)δ(ω − ω′)
(20)
and the commutation relations for two different positions
reads
[aˆω,n(ri), aˆ
†
ω′,n′(rj)] = δnn′δ(ω − ω′)µijω,n, (21)
where
µi,jω,n = (hω,n(rj),hω,n(ri)) (22)
is the overlap of the modes labelled by n and ω excited
by the ith and jth QE’s. The operators aˆω,n(rl) are thus
not orthogonal in the QE-index.
2. A single emitter
For a single QE (at the position r1), we construct the
dark operator by subtracting from the field operator fˆω(r)
its projection on the subspace generated by the orthogo-
nal set of operators aˆω,n(r1) in a similar way of a step in
a Gram-Schmidt orthogonalization procedure [15, 20]:
dˆω(r) := fˆω(r)−
∑
n
aˆω,n(r1)
[
aˆ†ω,n(r1), fˆω(r)
]
(23a)
= fˆω(r)−
∑
n
aˆω,n(r1)h
∗
ω,n(r1, r). (23b)
The dark operators satisfy the following properties[
aˆω,n(rl), dˆ
†
ω(r)
]
=
[
aˆω,n(rl), dˆω(r)
]
= 0, (24a)∫
d3r fˆ†ω(r) · fˆω(r) =
∑
n
aˆ†ω,n(r1)aˆω,n(r1)
+
∫
d3r dˆ†ω(r) · dˆω(r). (24b)
Omitting the dark modes that are not populated by
the interaction with the emitter, we derive the reduced
Hamiltonian from the above decomposition as antici-
pated in (4):
Hˆ =
∫ +∞
0
dω ~ω
∑
n
aˆ†ω,n(r1)aˆω,n(r1) + ~ωegσˆ(1)ee
− σˆ(1)eg ⊗
∫ +∞
0
dω
∑
n
κω,n(r1)aˆω,n(r1) +H.c.
(25)
We can remark that the above construction of bright and
dark modes can be done also with global mode operators,
i.e. without separating them with respect to the index
n.
Using the concepts defined in Sec. II B 1, we can rein-
terpret the construction as follows: The bright operators
aˆω,n(r1) span a subspace Vaˆ of Vfˆ , of which they are an
orthonormal basis. The dark mode operators are in the
orthogonal complement of Vaˆ.
3. Many emitters: Orthonormalization of the operators
aˆω,n(ri)
The generalization of this procedure is not direct for
N > 1 emitters since the set of operators aˆω,n(ri) is not
orthogonal. To solve this problem, we construct a set of
bright operators that are mutually orthonormal by taking
suitable linear combinations of the aˆω,n(ri):
bˆ(j)ω,n =
N∑
i=1
βj,iω,naˆω,n(ri), j = 1, · · · , Nind, (26)
where Nind ≤ N is the number of linearly independent
operators aˆω,n(ri) and the coefficients β
j,i
ω,n are chosen
5such that the new operators satisfy the orthonormality
condition [
bˆ(i)ω,n, bˆ
(j)†
ω′,n′
]
= δnn′δ(ω − ω′)δij , (27a)[
bˆ(i)ω,n, bˆ
(j)
ω′,n′
]
= 0. (27b)
They can be constructed by the Gram-Schmidt method
[15] or by other orthonormalization procedures, as we
discuss below.
In order to implement the orthonormalization proce-
dure, we have to identify first the number of linearly in-
dependent field aˆω,n(ri). In [15], it has been shown that
if |µi,jω,n| = 1 with i > j, multiplying the relation (21) by
µi,j∗ω′,n′ leads to
aˆω,n(ri) = µ
i,j
ω,naˆω,n(rj). (28)
In this way we can identify pair of linearly dependent field
operators. There is also the possibility that one operator
can be expressed as linear combination of two or more
other ones. To identify the number Nind, we define for
the N LSP effective field operators {aˆω,n(rl)}, the N×N
overlap matrix Mω,n (see Appendix A):
Mω,n :=

1 µ2,1ω,n · · · µN,1ω,n
µ1,2ω,n
. . .
. . .
...
...
. . .
. . . µN,N−1ω,n
µ1,Nω,n · · · µN−1,Nω,n 1
 . (29)
The overlap matrix is hermitian, so we can diagonalize it
through a N ×N unitary matrix Tω,n
T †ω,nMω,nTω,n ≡ Dω,n
= diag (λ1,ω,n, · · · , λNind,ω,n, 0, · · · , 0) .
(30)
We can prove that the number of non-zero eigenval-
ues is the number of linearly independent operators (see
Appendix A). Implementing, for example, the Gram-
Schmidt orthogonalization procedure, we can obtain an
orthonormal set of Nind bright operators in terms of
{aˆω,n(ri)} with i = 1, · · · , Nind[15]. To obtain the an-
alytical expressions of the coupling constants, we have to
derive, from the knowledge of the overlap matrix, the ex-
pressions of the operators {aˆω,n(rNind+1), · · · , aˆω,n(rN )}
in terms of {aˆω,n(r1), · · · , aˆω,n(rNind)}, and substitute
them in the interaction Hamiltonian in terms of the new
orthonormal ones.
4. Lo¨wdin orthonormalization of the operators aˆω,n(rl) and
Singular Value Decomposition
The Gram-Schmidt method is a sequential technique of
orthonormalization, i.e. the mth new operator can be ob-
tained after having derived the m−1 ones. In this paper
we generalize the Lo¨wdin’s canonical orthonormalization
[25] to the case in which N initial operators are not nec-
essarily linearly independent. Moreover, this technique
has the advantage that it gives us a global algorithm,
i.e. it considers simultaneously all the vectors to be or-
thonormalized. The fact formulated in Section II B 1 that
the commutators of boson creation-annihilation opera-
tors can be interpreted as scalar products allows us to
apply directly the results of the Lo¨wdin orthogonaliza-
tion to the construction of the bright and dark boson
operators.
Defining the following N ×N matrix
D−1/2;ω,n := diag
(
λ
−1/2
1,ω,n, · · · , λ−1/2Nind,ω,n, 0, ..., 0
)
, (31)
we implement the Lo¨wdin’s canonical orthonormaliza-
tion, obtaining a new set of bright operators {bˆ(j)ω,n}
Bω,n = Aω,nTω,nD−1/2;ω,n, (32)
through the one row arrays
Bω,n :=
[
bˆ(1)ω,n, · · · , bˆ(Nind)ω,n , 0, · · · , 0
]
(33)
Aω,n := [aˆω,n(r1), · · · , aˆω,n(rN )] . (34)
Each Lo¨wdin operator bˆ
(j)
ω,n can be expressed in terms of
the old ones as follows
bˆ(j)ω,n =
{
λ
−1/2
j
∑N
i=1 T
i,j
ω,naˆω,n(ri) j ∈ [1, Nind]
0 j ∈ [Nind + 1, N ].
(35)
We can express the old operators aˆω,n(ri) in terms of
Lo¨wdin’s operators as a step of the Singular Value De-
composition of Bω,n [25] (see Appendix B)
Aω,n = Bω,nD
1/2
ω,nT
†
ω,n (36)
by inverting (35):
aˆω,n(ri) =
Nind∑
j=1
λ
1/2
j,ω,nT
i,j∗
ω,n bˆ
(j)
ω,n i ∈ [1, N ]. (37)
If the N operators {aˆω,n(ri)} are linearly independent,
in Eq. (30) no eigenvalue is zero. According to the ex-
pressions (32) and (35), Lo¨wdin’s method gives us N
orthonormal mode-selective bright LSP operators. If
Nind < N , at least one of the eigenvalues is zero and
the new set in (35) shows a reduced dimension. The
expression (37) can be directly substituted in the inter-
action term of (16) [without knowing the expressions of
the operators {aˆω,n(rNind+1), · · · , aˆω,n(rN )}]:
Hˆint = −i~
N∑
i=1
σˆ(i)eg ⊗
∫ +∞
0
dω
∑
n
Nind∑
j=1
κi,jω,nbˆ
(j)
ω,n + h.c.
(38)
6The coupling constants of each bright field bˆ
(j)
ω,n with each
emitter are expressed in terms of the eigenvalues and of
the eigenvectors of the overlap matrix Mω,n in the fol-
lowing compact form
κi,jω,n = κω,n(ri)λ
1/2
j,ω,nT
i,j∗
ω,n . (39)
Identifying (35) with (26), we obtain:
βj,iω,n = λ
−1/2
j T
i,j
ω,n. (40)
5. Construction of the dark operators
The bright operators are the only ones that appear in
the interaction term of the Hamiltonian (38). The final
step is to express the free term of the Hamiltonian in
terms of the bright operators and another set of oper-
ators, the dark operators, which are not coupled to the
emitters and that are orthogonal to the bright operators.
Once we have the set of bright operators {bˆ(j)ω,n} that are
orthonormal to each other, the construction of the dark
operators takes the same general form as what we did for
the single emitter case. We define the dark operators as
follows
dˆω(r) = fˆω(r)−
∑
n
Nind∑
i=1
bˆ(i)ω,n[fˆω(r), bˆ
(i)†
ω,n]. (41)
The bright and dark operators satisfy the following prop-
erties
(i) [bˆ(i)†ω,n, dˆω(r)] = 0, [bˆ
(i)
ω,n, dˆω(r)] = 0 (42)
(ii) H0 =
∫ ∞
0
dω ~ω
∫
d3r fˆ†ω(r) · fˆω(r)
=
∫ ∞
0
dω ~ω
∑
n
Nind∑
i=1
bˆ(i)†ω,nbˆ
(i)
ω,n
+
∫ ∞
0
dω ~ω
∫
d3r dˆ†ω(r) · dˆω(r). (43)
The final mode-selective continuous microscopic model
can be written as follows
Hˆ =
∫ ∞
0
dω ~ω
∑
n
Nind∑
i=1
bˆ(i)†ω,nbˆ
(i)
ω,n +
N∑
i=1
~ωegσˆ(i)ee
− i~
N∑
i=1
σˆ(i)eg ⊗
∫ +∞
0
dω
∑
n
Nind∑
j=1
κi,jω,nbˆ
(j)
ω,n + h.c.
(44)
We remark that, in practice, in order to write the effective
Hamiltonian we only need to determine the coupling con-
stants κi,jω,n. The coefficients β
j,i
ω,n (40) are only needed
for the theoretical justification of the separation of the
bright and the dark modes.
The Lo¨wdin’s method provides simple compact formu-
las using an algorithm, which is more stable than the
Gram-Schmidt algorithm in numerical implementations,
allowing in principle the treatment of a large number of
emitters.
6. Lo¨wdin orthonormalization for N = 2
For the two LSP effective field operators aˆω,n(r1) and
aˆω,n(r2), the overlap matrix
Mω,n =
 1 µ21ω,n
µ12ω,n 1
 (45)
can be diagonalized by a unitary matrix
Tω,n =

1√
2
µ21ω,n
|µ12ω,n|
− 1√
2
µ21ω,n
|µ12ω,n|
1√
2
1√
2
 (46)
such that
T †ω,nMω,nTω,n = Dω,n := diag (λ1,ω,n, λ2,ω,n) (47)
with the eigenvalues
λ1,ω,n = 1 + |µ12ω,n|, λ2,ω,n = 1− |µ12ω,n|. (48)
We define the matrix D−1/2;ω,n that, if Nind = N = 2,
has the following form
D−1/2;ω,n = diag
(
λ
−1/2
1,ω,n, λ
−1/2
2,ω,n
)
, (49)
otherwise
D−1/2;ω,n = diag
(
λ
−1/2
1,ω,n, 0
)
. (50)
Implementing the Lo¨wdin’s canonical orthonormaliza-
tion, we obtain a new set of bright operators
bˆ(1)ω,n =
1√
2
1√
1 + |µ12ω,n|
[
aˆω,n(r2) +
µ21ω,n
|µ12ω,n|
aˆω,n(r1)
]
(51a)
bˆ(2)ω,n =
1√
2
1√
1− |µ12ω,n|
[
aˆω,n(r2)−
µ21ω,n
|µ12ω,n|
aˆω,n(r1)
]
(51b)
satisfying the orthonormality condition (27). If the
two operators are linearly independent, |µ12ω,n| 6= 1 and
λ
−1/2
2,ω,n 6= 0, the Lo¨wdin’s method gives us two new or-
thonormal mode-selective LSP operators. If Nind = 1,
|µ12ω,n| = 1 [15], the second eigenvalue is zero: the tech-
nique returns a single new operator.
Expressing the old effective operators aˆω,n(ri) in terms
of the new one(s) and substituting them in the interaction
term of eq. (16), we obtain the coupling constants
κ11ω,n = κω,n(r1)
µ12ω,n
|µ12ω,n|
1√
2
√
1 + |µ12ω,n|, (52a)
7κ12ω,n = −κω,n(r1)
µ21ω,n
|µ12ω,n|
1√
2
√
1− |µ12ω,n|, (52b)
κ21ω,n = κω,n(r2)
1√
2
√
1 + |µ12ω,n|, (52c)
κ22ω,n = κω,n(r2)
1√
2
√
1− |µ12ω,n|. (52d)
We can see that if |µ12ω,n| = 1, i.e. the two original non
orthogonal operators are not linearly independent, the
theory can be formulated only in terms of the first oper-
ator bˆ
(1)
ω,n and the coupling constants linking the two QEs
to the second field, κ12ω,n and κ
22
ω,n, are automatically zero,
as shown by (52b) and (52d).
C. Discrete effective model
A next step consists of getting rid of the dependence on
the continuous parameter ω and of truncating the infinite
Hilbert space of the system.
It has been proved in [15] that the QEs-LSP coupling
constants can be very well approximated by a Lorentzian
function for each plasmonic mode:
κω,n(ri) = gn(ri)Ln(ω) =
√
γn
2pi
gn(ri)
ω − ωn + iγn . (53)
where Ln(ω) indicates the Lorentzian function, γn is its
half-width, i.e. the lossy rate of the nth mode, and ωn is
its resonance frequency. Exploiting this coupling shape
(53), it is possible to get rid of the dependence on the
continuous parameter ω by defining Nind effective oper-
ators bˆ
(i)
n [15]:
bˆ(i)n =
∫ +∞
0
dωLn(ω)bˆ
(i)
ω,n (54)
allowing us to derive a discrete effective model describ-
ing the interaction of each QE with bosonic plasmonic
resonances
Hˆd =
∑
n
Nind∑
i=1
~(ωn − iγn)bˆ(i)†n bˆ(i)n +
N∑
i=1
~ωegσˆ(i)ee
− i~
N∑
i=1
σˆ(i)eg ⊗
∑
n
Nind∑
j=1
[gijn bˆ
(j)
n − h.c.]
(55)
with
gijn = gn(ri)λ
1/2
j,ωn,n
T i,j∗ωn,n, (56)
where the eigenvalues and the eigenvectors of the overlap
matrix is considered at the resonance frequency of the
mode n: Mωn,n.
FIG. 2. Local density of states associated to the different
excited LSPP modes, for a radially polarized emitter placed
at a distance d = 2 nm (upper frame) and d = 7 nm (lower
frame), respectively, from the metallic surface.
The effective model (55) can be truncated since not all
the LSP modes play a role in the coupled dynamics. In-
deed, the LDOS of some modes at certain distances from
the MNPs surface, i.e. at the QEs-positions, is negligible.
Two example of this are plotted in Fig. 2
Consequently we truncate the model keeping n ∈
[0, n′], where n′ is the harmonic index associated to the
last LSP mode effectively involved in the coupled dy-
namics. For n > n′ the LDOS at the QE-position is
approximately zero.
In the case of N = 2, we assume the single excitation
subspace spanned by the following basis
{|e, g; [0]〉, |[g]; 11, 0〉, · · · , |[g]; 1n′ , 0〉,
|[g]; 0, 11〉, · · · , |[g]; 0, 1n′〉, |g, e; [0]〉} (57)
leading to the effective matrix Hamiltonian in this basis
8(57)
Hˆd =
0 · · · g11n · · · · · · g12n · · · 0
...
. . . 0 · · · 0 ...
g11∗n ∆n − i
γn
2
...
... g21∗n
...
. . . 0 · · · 0 ...
... 0 · · · 0 . . . ...
g12∗n
...
... ∆n − iγn
2
g22∗n
... 0 · · · 0 . . . ...
0 · · · g21n · · · · · · g22n · · · 0

.
(58)
III. STIRAP PROCESS
A. Presentation
forbidden
transition
allowed
transition
allowed
transition
     MNP
     
allowed
interaction
allowed
interaction
QE
QE
                                                                     
  g
e
f
forbidden
interaction
3-level system QEs-LSPs system
(a) (b)
FIG. 3. (a): Allowed and forbidden transitions in a standard
3-level system in which STIRAP is usually applied. (b): Al-
lowed and forbidden interactions in the analysed QEs-LSPs
system.
We analyze the possible quantum channel that exploits
the plasmonic coupling of each emitter with the MNP,
through which two QEs can exchange their population.
We consider the STIRAP process between two atoms.
Figure 3 shows a qualitative sketch of the analogy be-
tween the 3-level system (Fig. 3a) in which STIRAP is
usually applied and the present system (Fig. 3b). Like
the two states |1〉 and |3〉 involved in the transfer in Fig.
3a, the two emitters in Fig. 3b are assumed not directly
coupled. The MNP, that can communicate with both
emitters, play the same role of the intermediate lossy ex-
cited state |2〉 but in a tensored product representation
for the two atoms and the plasmonic dressing field.
For two three-state QE’s we have to introduce two ad-
ditional states in the basis (57): |f, g; [0]〉, |g, f ; [0]〉. We
assume that the state |Ψ(t)〉 of the global hybrid system
is initially prepared as follows
|Ψ(t→ −∞)〉 = |f, g; [0]〉. (59)
We seek a control setup to obtain a final population ex-
change of the two QEs, i.e. |Ψ(t→ +∞)〉 = |g, f ; [0]〉.
FIG. 4. (a) Multilevel scheme of the allowed transitions char-
acterizing the laser controlled system composed by two QEs
and the MNP. P (t) and S(t) are the Rabi frequencies as-
sociated to the interactions with the pump and the Stokes
laser, respectively. (b) Effective 3-state system obtained by
adiabatic elimination. The Rabi frequencies P˜ (t) and S˜(t)
quantify the coupling strength of the states |f, g, 0, 0〉 and
|g, f, 0, 0〉 respectively with only one of the 2n+ 2 intermedi-
ate lossy states.
We consider the STIRAP configuration with the pump
and Stokes pulses, as shown in Fig. 4(a):
Hˆd =
∑
n
Nind∑
i=1
~(ωn − iγn)bˆ(i)†n bˆ(i)n +
N∑
i=1
~
(
ωegσˆ
(i)
ee + ωfgσˆ
(i)
ff
)
− i~
N∑
i=1
σˆ(i)eg ⊗
∑
n
Nind∑
j=1
[gijn bˆ
(j)
n − h.c.]
+ ~P (t)e−iωP tσˆ(1)ef + ~S(t)e
−iωStσˆ(2)ef + h.c.
(60)
In the resonant case, ωP = ωS = ωef , the complete ma-
9trix hamiltonian reads
H =
0 P (t) · · · 0 · · · · · · 0 · · · 0 0
P (t) 0 · · · g11n · · · · · · g12n · · · 0 0
...
...
. . . 0 · · · 0
...
...
0 g11∗n ∆n − i
γn
2
...
... g21∗n 0
...
...
. . . 0 · · · 0
...
...
...
... 0 · · · 0
. . .
...
...
0 g12∗n
...
... ∆n − i γn
2
g22∗n 0
..
.
... 0 · · · 0
. . .
...
...
0 0 · · · g21n · · · · · · g22n · · · 0 S(t)
0 0 · · · 0 · · · · · · 0 · · · S(t) 0

.
(61)
from the resonant transformation
H = U†HdU − i~U†∂tU − ωeg1 n′ (62)
with
U = diag(eiωP t, 1, · · · , 1, eiωSt). (63)
The STIRAP process can be interpreted in the basis
{|f, g; [0]〉, |Φ1〉, |Φ2〉, · · · , |Φ2n+2〉, |g, f ; [0]〉}, (64)
in which (61) has a (2n+ 1)× (2n+ 1) diagonal central
block. After adiabatic eliminations, the multilevel system
can be reduced to an effective 3-state subspace spanned
by
{|f, g; [0〉, |Φm〉, |g, f ; [0]〉, (65)
where |Φm〉 (with m ∈ [1, 2n+ 2]) plays the same role of
the excited state in the standard STIRAP [20] (see Fig.
4(b)).
B. Dependence of the STIRAP process on the
angular distance of the QEs
We analyze the dependence of the STIRAP process on
the angular distance of the QEs for a metallic sphere of
radius R = 8 nm, characterized by a Drude dielectric
function m(ω) [12], and Gaussian laser pulses
P (t) = Ω0e
−[(t−τ)/T ]2 S(t) = Ω0e−[(t+τ)/T ]
2
, (66)
where 2τ is the delay between the two pulses, T is the
pulse width and Ω0 is the peak Rabi frequency.
We define φ as the angle between the position vectors
of the two QEs. We anticipate favorable configurations
with an efficient transfer between the two QEs mediated
by plasmons, when they satisfy an overlap |µ12| ' 1, i.e.
for the cases in which the two emitters are aligned in
the same side (φ = 0) or in the two opposite ones of the
sphere (φ = pi), almost at the same distance from the
0 2 4 6 8 10
0
20
40
60
P(t)
S(t)
0 2 4 6 8 10
0
0.5
1
|f, g, 0, 0i |g, f, 0, 0i
0 2 4 6 8 10
0
20
40
60
P(t)
S(t)
0 2 4 6 8 10
0
0.5
1
|f, g, 0, 0i |g, f, 0, 0i
|g, f, 0, 0i
|f, g, 0, 0i
  = ⇡
  = 0
(a)
(b)
(c)
FIG. 5. Dynamics of the population transfer from |f, g, 0, 0〉
to |g, f, 0, 0〉 for φ = 0 (middle frame) and φ = pi (lower frame)
for a MNP of R = 8 nm interacting with two dipoles of 10 D,
one positionned at 2 nm and the other one at 4 nm from the
metallic surface, and Gaussian profile of the two delayed and
counterintuitively ordered laser pulses (upper frame). The
area of each pulse is Ω0T = 60 and the delay is τ/T = 0.7,
where T ' 10 ns.
metallic surface. Numerical simulations are presented in
Fig. 5, for QEs placed very close to the surface (2 nm
and 4 nm respectively). We have numerically found that
a STIRAP process can be well implemented for φ = 0
(see Fig. 5(b)) since more than 90% of the population
can be transferred from the initial state |f, g; [0]〉 to the
target state |g, f ; [0]〉 with a negligible plasmonic pop-
ulation during all the dynamics (giving to the plasmon
polaritons the role of a dark subsystem). On the other
hand, if the QEs are aligned in the opposite sides of the
MNP (φ = pi), the population is blocked in the initial
state (see Fig. 5(c)) [20].
We have numerically investigated the dependence of
the transfer efficiency on the angular distance φ in Fig.
6. We found that, under adiabatic conditions, a good
population transfer (not less than 70 %) can be obtained
for very small angles up to pi/15. For larger angles, Fig.
6 shows a negligible population transfer. This shows that
the blockade takes place already for a quite small angle.
C. Dependence of the STIRAP process on the
number of plasmonic modes
For a distance between the QEs and the metallic sur-
face of 2 or 4 nm, we have considered the first 25 plas-
10
FIG. 6. Contour plot of the transfer efficiency |〈g, f, 0, 0|Ψ(t =
+∞)〉|2 as a function of the area Ω0T of the laser pulses and
of the angle φ ∈ [0, pi] between the position vectors of the two
emitters from the center of the MNP.
monic modes whose role in the transfer is not negligible.
We now analyze the effect of each plasmonic mode in the
population transfer by artificially truncating the basis
choosing the number of modes in Fig. 7.
Figure 7(a) shows that an efficient transfer occurs for
φ = 0 or φ = pi (and around these angles) when the sole
dipolar mode is taken into account. Involving more and
more modes has a detrimental effect on the transfer for
φ = pi and reduces the angular width of transfer around
φ = 0.
The blockade of transfer for φ = pi can be thus ex-
plained by a destructive interference of the modes since
the overlap between the modes n of the two emitters is
given by µ21n = (−1)n. On the other hand, for φ = 0,
µ21n = 1 results in a constructive interference.
The distance between each emitter and the metallic
surface determines the number of plasmonic modes effec-
tively involved in the transfer. The greater is the dis-
tance, the smaller is the number of the involved modes
(see Fig. 2). Increasing the distance from the metallic
surface up to 7 nm, for φ = pi, weakens the blockade:
almost 50% of the population is transferred to the target
state in this case (see Fig. 8).
IV. CONCLUSIONS
We have constructed mode-selective effective models
describing the interaction of N QEs with the LSPs sup-
ported by a spherical metal nanoparticle in an arbitrary
geometric arrangement of the QEs. We have developed
a general formulation including the decomposition into
orthogonal modes with the example of spherical symme-
try. We have shown that a Stimulated Raman Adiabatic
Passage configuration allows population transfer, as an
exchange of population between two QEs, when the QEs
are located on the same side of the MNP and very closed
to it. The transfer is blocked when the emitters are po-
sitioned at the opposite sides of the MNP by the de-
structive superposition of all the interacting plasmonic
modes. We have investigated the blockade effect in term
of the numbers of modes involved in the process. For
QEs at the same side of the MNP, the coupling is mag-
nified by all the modes. On the other hand, population
transfer is blocked for QEs located at the opposite sides
if many modes are involved as this is the case when the
QEs are very closed to the MNP (a few nanometers).
When the dipolar modes are only involved, the blockade
is prevented for φ = pi and the transfer can occur if the
coupling is sufficiently strong. For a spherical MNP, one
cannot find a compromise between strong coupling and
dipolar modes only involved that lead to efficient popu-
lation transfer. One can thus anticipate that tubular ge-
ometry with an enhanced dipolar mode coupling would
be more appropriate for such transfer with φ = pi.
A generalization to the case of N emitters will offer
the possibility to produce a N-qubit processor at the
nanoscale, via closest neigbough effective coupling.
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APPENDIX A: OVERLAP MATRIX
We consider a set of N vectors |ci〉 ∈ H, that span a
subspace Hind ⊂ H, whose dimension coincides with the
number Nind ≤ N of independent vectors in the defined
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FIG. 7. Countour plots of the transfer efficiency |〈g, f, 0, 0|Ψ(t = +∞)〉|2 in function of the angular distance φ ∈ [0, pi] and of
the area of the laser pulses Ω0T , for the artificial truncation of the number of modes, as indicated in (a)-(d).
set. We want to determine the dimension of this sub-
space. For this purpose, we define a one row array and
its formal adjoint
C := [|c1〉, ..., |cN 〉] , C† :=
 〈c1|...
〈cN |
 , (67)
and we define a rule of multiplication that is similar to
the tensor product of two vectors:
C†B =
 〈c1, b1〉 · · · 〈c1, bN 〉... . . . ...
〈cN , b1〉 · · · 〈cN , bN 〉
 . (68)
We introduce the overlap matrix M , called also metric
matrix or Gram matrix corresponding to the set of vec-
tors |ci〉 as
M := C†C =
 〈c1, c1〉 · · · 〈c1, cN 〉... . . . ...
〈cN , c1〉 · · · 〈cN , cN 〉
 . (69)
It is an N ×N Hermitian and positive semi-definite ma-
trix as show below.
Lemma A.1: Let {|ϕi〉} be an arbitrary set of N vec-
tors, then the eigenvalues of the overlap matrix M with
elements Mij := 〈ϕi, ϕj〉 are positive or zero. Further-
more, if the vectors |ϕi〉 are linearly independent, all the
eigenvalues of M are strictly positive and thus M is in-
vertible.
Proof : Let vk ∈ CN be an eigenvector of M , i.e.
Mvk = λkv
k and define the following linear combination
|φk〉 :=
∑
i
|ϕi〉vki . (70)
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FIG. 8. Dynamics of the population transfer from |f, g, 0, 0〉
to |g, f, 0, 0〉 for φ = pi and d = 2 nm, for which 25 modes are
involved and featuring the blockade (middle frame), and d = 7
nm, for which 7 modes are involved (lower frame). Gaussian
profile of the two delayed and counterintuitively ordered laser
pulses (upper frame). The area of each pulse is Ω0T = 90 and
the delay is τ/T = 0.8, where T ' 15 ns.
Then
〈φk, φk〉 =
∑
ij
〈ϕi, ϕj〉vk∗i vkj =
∑
i
vk∗i
∑
j
Mijv
k
j
=
∑
i
vk∗i λkv
k
j = λk
∑
i
vk∗i v
k
i = λk|vk|2
(71)
and thus
λk =
||φk||2
|vk|2 ≥ 0. (72)
The strict inequality follows from the fact that the linear
independence of the |ϕi〉 implies that |φk〉 6= 0. 
The rank of a set of vectors |ci〉 ∈ H, defined as the
dimension of the subspace they span, is equal to
• the maximal number of linearly independent vec-
tors.
• the dimension of the image of the linear map de-
fined by
C : CN 7→ H (73)
v 7→ Cv =
N∑
i=1
|ci〉vi, (74)
i.e. equal to N minus the dimension of the kernel
of this map.
Lemma A.2: A vector v ∈ CN satisfies the following
condition
Cv = |0〉 ⇐⇒Mv = 0, (75)
where the vector |0〉 indicates the vector zero in H and 0
is the vector zero in CN . This means that the kernel of
the map C is equal to the kernel of the matrix M .
Proof :
(⇒): Mv = C†Cv and thus Cv = |0〉 implies Mv =
0.
(⇐): If Mv = C†Cv = 0, it implies that
0 = v · (C†Cv) = N∑
i,j=1
v∗i 〈ci, cj〉vj
=
〈∑
i
vici,
∑
j
vjcj
〉
= 〈Cv,Cv〉
(76)
and thus Cv = |0〉. 
Lemma A.3: The number Nind of linearly independent
vectors |ϕi〉 is equal to the rank of the overlap matrix M ,
which is equal to the number of its non-zero eigenvalues.
Proof : The rank of C is equal to N minus the dimen-
sion of the kernel of the map C and, from Lemma A.2,
the dimension of this kernel is equal to the dimension of
the eigenspace of M corresponding to the eigenvalue 0.
APPENDIX B: LO¨WDIN CANONICAL
ORTHONORMALIZATION FOR NON LINEARLY
INDEPENDENT VECTORS
Lo¨wdin introduced two global methods of orthonormal-
ization of a vector: the canonical approach and the sym-
metric one. The adjective global indicates that, given a
set of non-orthogonal linearly independent vectors, both
methods consider simultaneously all of them in the pro-
cess of construction of the orthonormal set [25]. We gen-
eralize the canonical method to the case in which the
non-orthogonal vectors are not necessarily linearly inde-
pendent.
We introduce a set {|ci〉} of vectors and the corre-
sponding overlap matrix M . The vectors |ci〉 are not
mutually orthogonal, i.e. 〈ci, cj〉 6= 0. We want to obtain
from them an orthonormal set {|bi〉}. The overlap ma-
trix M is Hermitian and so it can be diagonalized by a
unitary matrix T
T †MT = D = diag(λ1, ..., λNind , 0, ..., 0), (77)
where the presence of the zero eigenvalues indicates the
possibility that the vectors |ci〉 are not linearly indepen-
dent. Defining the following matrix
D−1/2 := diag(λ
−1/2
1 , ..., λ
−1/2
Nind
, 0, ..., 0), (78)
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according to the Lo¨wdin canonical method, we can obtain
an orthonormal set of vectors B
B := CTD−1/2, (79)
where, following the notation introduced in (67), the form
of B is
B = [|b1〉, ..., |bNind〉, |0〉, ..., |0〉] (80)
and C is the one row array defined in (67).
The new set of vectors B satisfies indeed the orthonor-
mality condition
B†B = D−1/2T †MTD−1/2
= D−1/2DD−1/2
= diag(1Nind , 0, ...0),
(81)
i.e. 〈bj , b′j〉 = δjj′ , for all j, j
′ ∈ [1, Nind].
According to (79), the vectors |bj〉 ∈ H can be written
in terms of the original ones in the following explicit form
|bj〉 :=
{
λ
−1/2
j
∑N
i=1 |ci〉Ti,j for j ∈ [1, Nind],
|0〉 for j ∈ [Nind + 1, N ]
(82)
The relations (79) and (82) can be inverted to express
the original vectors in terms of the orthonormal basis:
C := BD1/2T †, (83)
i.e.
|ci〉 :=
Nind∑
j=1
λ
1/2
j T
∗
i,j |bj〉 i ∈ [1, N ]. (84)
We remark that (83) has the form of a Singular Value De-
composition extended for vectors |ci〉 in an infinite dimen-
sional Hilbert space [33][34][35]. The canonical Lo¨wdin
orthonormalization can thus be viewed as the inverse of
the Singular Value Decomposition of C.
To prove (84), we start from the definition (82), obtaining
λ
1/2
j |bj〉 :=
{∑N
i=1 |ci〉Ti,j for j ∈ [1, Nind],
|0〉 for j ∈ [Nind + 1, N ]
=
N∑
i=1
|ci〉Ti,j for j ∈ [1, N ],
(85)
where the second equality follows from Lemma A.2: for
j ∈ [Nind + 1, N ], the columns of the overlap matrix are
the eigenstates tj corresponding to the eigenvalue 0, i.e.
Mtj = 0, and, by Lemma A.2, Ctj = |0〉.
Multiplying both sides of (85) by T ∗
i′ ,j and summing over
j we obtain
N∑
j=1
|bj〉λ1/2j T ∗i′ j =
N∑
i=1
|ci〉
N∑
j=1
Ti,jT
∗
i′ ,j
=
N∑
i=1
|ci〉δi,i′ = |ci′〉,
(86)
which is the singular value decomposition (83).
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